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The existence, bifurcation and stability of the steady motions of a rigid body in a central gravitational field are studied. The body
is modelled as a collection of point masses situated at the ends of three mutually perpendicular diameters of a massless sphere.
With this model, one can use the exact expression for the gravitational potential (see also [1-5]). The study considers non-trivial
steady motions of a body with a triaxial ellipsoid of inertia such that either two or all three principal axes of inertia are not axes
of the orbital coordinate system. In addition, a restricted formulation of the problem of the relative equilibria of a body whose
mass centre is moving in a circular Keplerian orbit is considered, and the stability and bifurcation of these equilibria are investigated.
Copyright © 1996 Elsevier Science Ltd.

Previous publications [1, 2, 5] have investigated trivial steady motions corresponding to orientation of
the body such that the principal central axes of inertia coincide with the axes of the orbital system of
coordinates. Attention was devoted to the special case of a body with a spherical ellipsoid of inertia
[3], and the special case of two-dimensional motions of the body [4].

1. We will consider the problem of the translational-rotational motion of a rigid body with a triaxial
ellipsoid of inertia in a central gravitational field. We will model the body as a collection of point masses
m,/2 situated at the opposite ends of three mutually perpendicular diameters d-« (s = 1, 2, 3) of a massless
sphere of radius a. Without loss of generality, we assume that m; > m, > ms.

Let OEn{ be a fixed system of coordinates with origin at the attracting centre, and let Cxyxx; be a.
system of coordinates attached to the body with origin at its mass centre and axes along the diameters
dy, dy, d3. The position of the mass centre of the body relative to the fixed system of coordinates will
be defined by spherical coordinates 7, 6, y, where r > a is the length of the radius vector OC, 0 is the
angle between the vector OC and the plane OCE and is the angle between the axis O and the projection
of the vector OC onto the plane OCLE. The orientation of the orbit of the body’s mass centre and the
orientation of the body will be defined by the projections B, and ¥, of the unit vectors B and v in the
direction of the On axis and the radius vector OC, respectively, onto the principal central inertia axes
Cx, (s = 1, 2, 3) of the body. Obviously, sin 0 = (B, v) = L.

The kinetic energy T and the potential energy V of the body are

2T =[m(F* + ry? cos? 0+ r’6%) + J,0? + J,03 + J 07
3
W=—MEmF(a)+F(-a)), F(a)=(r*+a®+2ary,) "
- a=l

where m = my + my + mj is the mass of the body, J; = (m; + mk)a2 is the moment of inertia of the
body about the axis Cx; (i # j# k; i,], k € S5, 53 = {1, 2, 3}), is the projection of the absolute angular
velocity @ of the body onto the axis Cx; (s = 1, 2, 3), f is the gravitational constant, and m is the mass
of the attracting centre.

The system admits of two first integrals: H = T + V' = const (energy), and K = dT/oy = k = const
(area). Setting o = yp + (2, where 2 is the angular velocity of the body relative to a system of
coordinates rotating uniformly about the Omn axis, one finds the effective potential of the body (we recall
that sin 8 = Zfy,, cf. [5]) '

kz

3 A
W, = min H =V+—, J=mr? 1—(2%3,\») +3J82
P98, 27 =1 s=1
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By Routh’s theorem, the critical points (ry, ¥g, Bg) of the effective potential W, (r, B, y¥) on the manifold
v* = 1, B? = 1 are the steady motions of the body

r=r, Y=Y B=8¢. V=0

. (1.1)
(9 = 90 = al'CSln(‘Yo,ﬂo), 0)0 =k/ .10, ﬂ = 0)

Under conditions (1.1), the mass centre of the body uniformly describes a circle of radius rycos 6, in
a plane parallel to the plane OCE at a distance ry | sin 6 | from it; the orientation of the body remains
constant during the motion.

To determine the critical points of W, on the manifold {B? = 1, ¥* = 1}, we consider the function

W= (fMy'W, + p(y2 - D2 + ¢(B* - D2

(p and q are undetermmed Lagrange multipliers) and write down the conditions for this function to
be stationary (x> = k%/(fM))

3 2 3 2
%“i:l): m((r+ @y, F(a)+ (r - ay, ) F (-a)) - ""( —():v_\.ﬁ.\.} J=0 12)
r 2‘\_= J: s=1
w1 n?n 13
51_=5m(p (a)- F(-a)ra+py, + B Zvoﬂo—" (13)
2 3
%;v_\. - _;-(””'ZY-\' oé;yoﬁo - ‘,‘\'B-")-’-qﬁx =0 (S = l’2’3) (1'4)

Solutions of system (1.2)—(1.4) of the form
Y,=i-]a ﬁ_[:i]’ (l#.l¢k)’ Yj=’Yk= Bi= Bk=0 (i'j' k € S‘;) (1'5)

corresponding to trivial orientations of the body, have been investigated, and sufficient conditions have
been established for the corresponding steady motions to be stable [5]

C,>0, C;>0, C3>0, C4=CaCss—Cas>0

mr dK; (3rt+a ) 3mr
C=—F5—"—= —L, C,=\m—— k N7 ra®
(mr®+J;)" dr (r* -a*y’ (r? +a*)”
_ xz(.lj—.lk) _xz(.lj—.l,-+mr2)‘ _ w2mr?
N P A T N A e
2o 3m,r’a’
Co = XM m~r’(3r +a) e
5 (mr2+1j)2 et -ad'y (r2+az)£
(mr?+J,) rt+a’ (m; +m)r
2 = .. R K = . . + LA -
=Ky, Ky mr i (P -a®) (P +a)’

(G OH)> > r S(P)>a, ) Ki(rd)=0;
x? >, (%)) =K;(r)))

In particular, it has been shown [4] that the degree of instability of the trivial steady motions may vary
not only at the branch points r = r,j(Cl(r,J) 0 i,j € §3) of the solutions (1.5) as functions of r, but
also at the points r = rig(Cy(r¥k) = 0,i > k), r =r% (C4(r %) = 0,i > j). This means that system (1.2)-(1.4),
besides the solutions (1.5), has solutions corresponding to non-trivial orientations.
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2, According to bifurcation theory, the solutions of system (1.2)—(1.4) bifurcate at the points % =

(i > k) and 7% (i > j) as functions of y; and vy, and as functions of ¥;, ¥, B;, B;, respectively [4]. Thus,
system (1. 2)—(1 4) has solutions corresponding to orientations of the form

Yi=cosQ, Yy =sing, ¥,=0,=8,=0, B;=%1 (j£i>k=})) 2.1)

Y, = cos@, Y;=-sin@, B;=sin(¢+6), B;=cos(@+86), %, =PB,=0 kzi>j#k) 22)

Under conditions (2.1), the plane of the orbit of the body’s mass centre passes through the attracting
centre (sin 6 = 0), the axis Cx; points along the normal to the plane of the orbit, and the axes Cx;
and Cx; are rotated through the same angle ? relative to the radius vector of the mass centre and
the tangent to the orbit. The angle ¢ = (p,k(n ) and radius of the orbit 7 = r(x?) are determined
from the system

(mr* + J; )?

”q("a) (a) 'YL 2r
Mk L Voo =mG +mG, +m, ——
it = FCa-F@ v, m;G; + m, G, m](r2+a2)% (23)

G, = I'f(a)(r+ay‘\.)+ l'f‘:‘(—a)(r—ayx) (s=ik); Y;,=cos@, Y, =sing

which is obtained from (1.2)—(1.4) by substituting conditions (2.1) into the system.
Proceeding as in [4], one can show that

@=Rnt @, (x%), (n=0,1), r=r,(x}), a<r ()<,

0< @ (%2 )<(p,-k <rn/4

where ¢% is the unique root in the interval 0 < ¢ < n/2 of the equation mum;"! = ®,(a, @), and r¥ is
the unique root (for r > a) of the equation C,(r) = 0

Under conditions (2.2), the distance from the plane of the orbit of the body’s mass centre to the
attracting centre is r | sin 8 | # 0, the radius of the orbit is rcos 8, the axis Cx; is directed along the
tangent to the ortit, the axis Cx; makes an angle ¢ with the radius vector of the mass centre, and the
axis Cx; makes an angle ¢ + 6 with the normal to the plane of the orbit. The angle 6 may be expressed
explicitly in terms of ¢ and the distance r from the mass centre to the attracting centre

Vi sin 2 . a2
0=9; = larctg———”(r)sL(p; v, = i ™ ﬁz. (2.4)
2 1-v;(r)cos2¢ m r

The angle ¢ and distance r are determined by solving a system analogous to system (2.3), but the
functions ®@; and ‘¥ are more complicated.
Proceedmg as before, it can be shown that

(p=1tni$,-j(x2), (n=0,1), r=7; ?), a<F (x )<
e @5)
0<_‘5:ii(" )<'(6,-j<(p,.j<1t/4

where ¢% is the unique root in the range 0 < ¢ < /2 of the equation m,m, = @;(a, ¢), and r} is the
unique root (for r > a) of the equatlon C4(r)

The relative position of the points r§, 7% and r,k ) has a considerable effect on the degree of instability
of the steady motions corresponding to orlentatlons (1.5), (2.1) and (2.2), and depends on the relation-
ships between the masses m;, m; and m3. Henceforth, for simplicity, we shall confine ourselves to the
case of similar masses

my=my(1 —u), my=my(l -v); O<u<l, O<v <1 (2.6)
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Under conditions (2.6), the ellipsoid of inertia is almost a sphere—the characteristic shape of many
celestial bodies in nature.

Under these conditions one has r,J(k) < r¥(rk) and, in addition, one can then show that the steady
motlons corresponding to orientatlons (2 1) and (2. 2) exist when x* & ((2),; (x3)* and »® € (('x
(7 )*) respectlvely, where (x%)* and (x%)* are deﬁned by the second equation of system (2.3) w1th
r=a, ¢ = @} orr =r}, ¢ = 0. The definitions of (x,, ). and (x,, )* are analogous.

3 To investigate the stability of the steady motions corresponding to orientations (2.1), we calculate
the second variation of W over the linear manifold 8; = 0, dy,cos @ + dysin @ = 0
FW=ZX,+%,
2%, = C;, (8r)? +2C, (8r)(8y, )+ Cpp (BY,)°
23, = Cy3(8Y;)* +2C34 (8Y;(8B;) +2C35(By; (3B, ) +
+Cq (8B;)% +2C,5 (8B, (8B, ) + Cs5 (3B, )°

mr 0 l(”"‘z'*'-’j)2
G = —|-= v (r,
" (mr2+J~)2 ar[ 2 i (1 @)
Cop=- 3 8(” [8(”(r0(” +ay, 8 -8 (ro!¥ + ay, 8‘5))]
1 ra |8V8Y 5
C ___ +3r G( )8(") ’+o-(5)8(1)
= ™ 5(‘) [ YiY¥x Y

2ml-(r2 - 2a2)}

1 5 3 )
Ci==r*{mo'® +mold +
33 2 (At} kY k (r2 +a2 )%

C44=}7[mr cos? o+(J; —.I)] Css = Z[mr sin” (P"'(-/ —Jk)]

2 2
WX % . % .
Cy = —jz mr2 cos@, Ci5= i—Jz mrising, Cu = i—Jz mr? cos@sin@

8" = F"(a)- F'(=a), 6 =F(a)+F!(-a), (s=1.2,3; n=3,5)

N

where y; = cos @, ¥, = sin @ and r and @ satisfy the first relations of system (2.3) and depend on %” (see
the second eqiation of that system); i,j,k € S;3,i > k.

Since C,, < 0, all steady motions corresponding to orientations (2.1) are unstable in the secular sense.
The degree of instability of these motions when r < r, close tor}; is identical with the degree of instability
of the corresponding tr1v1al steady motions when r > rj ({ > k), and does not vary along the entire
branch (2.3) (a < ra(%?) < r) if the determinant A of the quadratic form W = I, + I, does not
change sign for allr € (a;r}), ¢ € (0; 9%). Since A = AjA,;, where A, , is the determinant of the quadratlc
form X, ;, and moreover Ay # 0 for all steady motions corresponding to orientations (2.1), it follows
that A vanishes if and only if A, vanishes. The determinant A, does not vanish for orientations (2.1)
wheni = 2,j = 3,k = 1; it vanishes when i = 3,j = 1, k = 2, and may vanishwheni =3,j =2,k =1
at some point (r%; (p’g,’:), a<rjfi<ry,0<oji< <p§k (k=1,2).Fork =1,i=2,j = 3, this point
exists for arbitrary values of the masses my > m, > ms, but fork = 2,j = 3,j = 1 it exists only when
2m, > my + m; (i.e. only when v > u; see (2.6)). Under those conditions the degree of instability of
the steady motions for orientations (2. l) (k=1,2)isone less fora < r < rifthan for rjf <r <r¥.

To investigate the stability of the steady motions corresponding to onentations (2.2), one must evaluate
the second variation of W over the linear manifold

dycosp — dysing =0, 3Bcos(® + ) + Psin@+9) =0

FW=X,+%,

2%, = Cy1(8r)? + 2C(8r)(8y) + 2C3(8r)3PB) + C 22(87,;) +2C3(8Y)(3B)) + Cx3(8B)?
2%, = Cyq(8Yp)? + 2C45(3Y)(OBY) + Css(8P)?
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(the coefficients C,, are very cumbersome in form and are therefore not given here).

As before, it can be shown that all steady motions corresponding to orientations (2.2) are unstable
in the secular sense, since A; < 0. Wheni = 2,j = 1, k = 3, the degree of instability of these motions
does not vary (A, # 0, A, # 0) along the entire branch (2.5) and is identical with the degree of instability
of the trivial steady motions for r > r};. Wheni = 3 j = 2, k = 1 the degree of instability varies, while
wheni = 3,j = 2, k = 1 it may vary at some point (7% ¢§*), a <73§*< 75,0 < @§* < @4 (A(7¥"; ¢")
=0,j =1, 2. Whenj = 2 this point exists for arbitrary masses m > m, > m;, but whenj = 1 it exists
only when 2m, > m; + ms, i.e. when v > u (as in the previous case A; # 0 for all orientations (2.2)).
Under these conditions the degree of instability of the steady motions for orientations (2.2) (j = 1, 2)
when 7%* < r <r% is identical with the degree of instability of the corresponding trivial steady motions
when r > 73j, while whena <r < F3}¥ (j = 1, 2) it is one less than the latter.

At the points (r%]; ¢37) and (735; @3“2*) there will always be steady motions bifurcating from the motions
corresponding to crientations (2.1) (i = 3,j = 1,k = 2)and (2.2) (i = 3,j = 2,k = 1); these are motions
corresponding to orientations of the general form '

w=v% B=B° ((y),B) =0, Y 0, Bl #0, B =0, Vs=1,2,3) 3.1)

If in addition the condition 2m, > m; + m; is satisfied, the analogous assertion is true when (i =
j=2k=1),(@(=3,j =1,k =2) also, for orientations (2.1) and (2 2), respectively. It can be shown
that these steady rotions exist only whena <r < r3,a <r <rjfand only when x2 < (153 )**, w* <
(x3j)** respectively, where

- % -(mr2+‘l')2 . .
03" =| 5 Yy () (k,j=12:k# j)
L r=rg =03
w |+
03" =| == ¥ (@)
: =i} 9=

Steady motions of general form are determined from system (1.2)—(1.4). They are characterized by
the fact that the plane of the orbit of the body’s mass centre does not pass through the attracting centre
(as in case (2.2)), and moreover none of the principal central axes of inertia of the body coincides with
any of the axes of the orbital system of coordinates (unlike cases (1.5), (2.1) and (2.2)).

4. Equations (1 2)-(1.4) deﬁne a smgle-parameter famlly of steady motions of the body (the
curve L = {r = (%), 7 = ¥(x?), B = B(x?)} in the space (r, Y, B, x%)). Sections of this space by the hyper-
planes (1.5) are shown in Figs 1-6. The solid curves correspond to those branches of L lying in the
hyperplanes and corresponding to trivial steady motions. The dashed and dash—dot curves correspond
to the projections of those branches of L that leave the hyperplanes and correspond to steady motions
(2.1) and (2.2). The dotted curves correspond to the projections of those branches of L that always
leave the aforementioned non-trivial branches and correspond to orientations (3.1). Figure 5 corresponds
to the case when 3v > u > v (see (2.6)); when 3v < u one must interchange the dotted and dash—
dot curves in Fig, 5. When v > u one must add to Figs 4 and 5 curves leaving the non-trivial branches
and corresponding to additional steady motions of type (3.1). The digits 0, 1, 2 and 3 indicate the degree
of instability of the steady motions of the body corresponding to the relevant orientations (1.5), (2.1),
(2.2) or (3.1). The degree of instability of the latter is indicated in accordance with the general
considerations of bifurcation theory.

5. We will now consider a restricted formulation of the problem, assuming that, independently
of the rotational motions of the body, its mass centre moves uniformly along a circular orbit of radius
ro > a (rg = const) situated in the OEC plane. Then 6 = 0, and, generally speakmg, the system admits
of only a generalized energy integral y= oy = (me/rS) = const, where T3 — 1‘3 + V = const are
second-degree and zero-degree forms in the velocities, the constituents of 70 = 75 + T + T3 (T° =
Tlyy=r,0 =0,y = ) As in Section 1, setting w = B + €2, we can write the changed potential of the
body as
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W =V - Jagf2

3
Wo =L S m (R @)+ F(can -2 F(,B + 1,33+ 1:B3)
y=]

To the critical points (yy, Bg) of the varied potential W? on the manifold {y* = 1; B2 = 1; (v - B) =
0} there correspond relative equilibria of the body in its circular orbit. To search for these points, we
define a function

WO =My WO+ Ay -B)+o(y2 -1/ 2+ V(B -1)/2

(A, 6 and v are undetermined Lagrange multipliers) and write down the conditions for it to be stationary
(assuming, without loss of generality, that fM = 1,m = 1,ry = 1; thenwy = 1 and a < 1)

aW?® / 3y, = (am,)(F.(a)- F)(-a))/ 2+AB, +07,=0 (5.1)
WO /3B, =B (Vv-J)+AY, =0 (s=12,3)
System (5.1) admits of solutions
Y,=:t]; B]=il; ‘Y]=Yk=B'=B‘=O (i#j*k) (5.2)
which correspond to trivial relative equilibria of the body (in which case A = 0) analogous to the steady
motions (1.5).
To investigate the stability of these relative equilibria, we will calculate the second variation of W°
over the linear manifold
3y, =SB,' =0; 8'Yj = -8B,
We have
28%W = CP(8Y,)* + CY(BY,)* + CJ (8B, )*
Q) =a*(m; - m; +bm; —cm;), C =a*(mb - myc)

3+q? ) 3
C0=a2 m,—m;), b= ( s [ ——
3 (my —m;) a-ay ¢ A+ a7

Obviously, the condmons for stability of the relatlve equllxbrla (5.2) are CY > 0,3 > 0,C > 0.

If m; > mj, then CY > 0;butif m; < m;, then Cl >0 (C1 < 0) for g, = myim; < p;; (Mg > W) If
m; > mk, then C2 > 0; but if m; < my, then C2 > 0 (CY < 0) for p; = mk/m, < W (M1 > Me)-
Flnally, C3 > 0(C§ < 0) for m; > m; (my. < m;). We have used the following notation

(4—2a2 +3a* +a°) 35 , 5
=4 = =}l4+—ag- +
u’l’ u'_’l(a) (c+ l)(l _a2)3 8 a ()(ﬂ )
b 35
K Ep’ki(a)=;'=l+"6"a2 +o(a’)

Thus, the relative equilibria (5.2) are

(a) always unstable if i = 1,j = 2, k = 3 (m; > m; > my; Yy < Y, < 1) (the degree of instability
x=1);

(b) alwaysstable ifi = 1,j = 3,k =2 (m; > my > mj; 4 < py < 1) (then x = 0);

(c) wheni=2,j=1,k=3 (m > m; > my; Wy > 1> ), they are unstable (y = 1) if p; < p;;, and
unstable in the secular sense (x = 2) if pp > ;

(d) wheni =2,j =3,k =1 (m > m; >mj;p > 1> ), they are stable (x = 0) if u; < p; and
unstable (x = 1) if u; <

(e) wheni=3,j=1,k=2(m>m>m;Wu, > p, > 1), they are unstable if p, < w; (x = 1) or p,
> Wy (¢ = 3), and unstable in the secular sense (y = 2) if Wy < g and py > W;
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(f) wheni=3,j=2k=1(m>m;>m;p >y, > 1), they are stable (x = 0) if p; < py; and p, <
M;;, unstable (x = 1) if by > py; and P, < g, or gy < py; and Py > W, and unstable in the secular
sense (x = 2) if py > pg and pp > ;.

Figure 7 shows the plane of the parameters y; and p, divided by solid lines into six domains
corresponding to cases (a)—(f), respectively, with digits 0-3 indicating the degree of instability of the
corresponding relative equilibria (5.2). The dashed lines indicate the bifurcation lines py = py; and p,
= W; across which the degree of instability of the trivial orientations changes (in cases (c)—(f)).

6. The degree of instability of the trivial relative equilibria (5.2) corresponding to cases (d)—(f) changes
when 1; = p;. When that happens the coefficient C3 vanishes and the following solutions bifurcate
from the aforementioned trivial solutions of system (5.1) (i > k)

Y =C08Qg; Y, =sin@y; B.i'_'i];
YI =ﬁ’. =ﬁk =0 (6.1)

The degree of instability of the trivial relative equilibria corresponding to cases (c), (¢) and (f) changes
when y; = p;. When that happens the coefficient (3 vanishes and the following solutions bifurcate from
the aforementioned trivial solutions of system (5.1)

Yi=cosWyo, Y;=-sinyy; PB;=sinyy; B =cosyy; v, =B, =0 (6.2)

Note that for the solutions (6.1) p = 0, and for the solutions (6.2) A = a’sin W cos y (mj — m)
# 0. The relative equilibria (6.1) are analogous to the steady motions (2.1) for which 8 = 0, but
the relative equilibria (6.2) are essentially distinct from the corresponding steady motions (2.2), for
which 6 # 0. Moreover, since A # 0 for the solutions (6.2), a necessary condition for their existence
is the application of forces that keep the mass centre of the body in the plane containing the attracting
centre.

The angles @y and y are found from the equations

F'(-a)-F(a)

6.3
F(-a)- F(a) (63)

Ky =1gQ,

F}(-a)- F’(a)+2acosy,
F,-" (a)—~ F,?(—a)+ 2asin vy,

K2 =18V, 6.4

(compare (6.3) with the first equation of system (2.3)). The properties of the solutions of Eqs (6.3) and
(6.4) are analogous to those of the solutions (2.1) and (2.2).
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Solutions (6 1) and (6.2) exist only when p; < y; and py < ; respectively (the ellipsoid of inertia
of the body is almost an ellipsoid of revolution); henceforth, therefore, we shall assume, without loss
of generality, that

m, =m;(1+ ha®)+ o(a?), m; = m(l +ga®)+o(a®) 6.5)

7. To investigate the stability of the relative equilibria (6.1), we will calculate the second variation of
over the linear manifold

8B; =0; 8y, =-1g8@e8Y,; &Y, =—cosydP; —sin,dp,
We have

28°W° = Cf\ (87,) + C(8B;)? +2C%3B;8B, + COy (8B, )

Clh = a(m;[F(-a) - F (@)}/ cos @, - 3alsin® @om, [ F5 (a) + FS (-a)] -
--cos? (pomk[l",f(a)+ F(—a)))/ 2cos? @,

CY =a’(m; - m;)+acos (p05,j, C3y = asin @, cos 900

Ch =a(m, - m;)+asin’ 9od;

&; =m[F(-a)- F(a)]/ 2cos ¢y — 3em,

Taking the first relation in (6.5) into account, we conclude that C3, < Oforalli > k, i.e. all the relative
equilibria (6.1) are unstable in the secular sense. A detailed analysis of the other coefficients of the
quadratic form 8%, shows that the relative equilibrium is:

(d) always unstable wheni = 2,j = 3,k = 1 (then y = 1);
(e) wheni =3,j =1k =2itis unstable (x = 3) if g > g, and unstable in the secular sense
(x =2)ifg <g;
(f) wheni = 3,j = 2, k = 1, it is unstable (y{ = 1) if g < g_ and unstable in the secular sense
(x=2)ifg>g.
We have used the notation

_ 35| o 9.4 o YV
8t—81(‘Po)=4—8 6cos <p0+cos2(p0t(zsm 2@ +cos 2¢0)

Similarly, one can investigate the stability of the relative equilibria (6.2) by analysing the second
variation of W° over the linear manifold &y, = -0B;, &y = 8B; = —tg yodP.
It turns out that all the relative equilibria (6.2) (i > j) are unstable in the secular sense, and the
equilibrium (6.2) is:
(c) unstable in the secular sense wheni = 2,j = 1,k = 3 (then 3 = 2);
(e) wheni = 3,j = 1,k = 2, it is unstable (y = 1) if » > h_ and unstable in the secular sense (y = 2)
ifh <h
(f) wheni =3,j=2k=1,itisunstable (y = 1) if h < h, and unstable in the secular sense (y = 2)
ifh>h,.
We have used the notation

hy = h, (Yy) = %Z- [8cos* y, ~ cos 2y, t(4sin* 2y, +cos? 2lu0)y2]

The solid lines in Fig. 8 define the domain in the p;, p, plane in which the solutions (6.1) and
(6.2) exist. The solutions (6.1) exist in the strip Wy € (1; i), e > 0, while the solutions (6.2) exist in
the strip Wy €(1; w;i), py > 0. The first strip is divided by the small circles into three domains,
corresponding to cases (6.1) (d)-(f) (marked d,—f;), while the second strip is divided by crosses into
the domains corresponding to cases (6.2) (c), (e) and (f) (marked c,, e;, f5).
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These strips are shown separately in Fig. 9, with the degrees of instability of the respective relative
equilibria (6.1) and (6.2) indicated. The dash—dot curves correspond to projections of the bifurcation
curves across which the degree of instability of the equilibrium orientations (6.1) and (6.2) changes (in
cases (¢) and (f)).

8. Incases (e) and (f) (i = 3,j, k = 1, 2) there is a change in the degree of instability of the relative
equilibria (6.1) (when g = g.) and (6.2) (when & = h.). In these cases solutions of the general form

Y =C0s@pCosWo; Y, =sin@,cos Y, sinBy —siny, cos B,

Y =sin@g cos Y, cosBy +sinysin B, 8.1)
B; =cos@ysinyy; B; =sin@gsiny, sin By +cosy cosy

B: =sin@qsin Yy cosB,—sin O, cos y,

[x =(J; - J;)sin wo(cos\v(, + S0P 310 8 sin ¥ ] # 0]
cos 0,

bifurcate.

These solutions exist only for i = 3 and only when the conditions p; < 3, Hz < ps hold simul-
taneously; these conditions are equivalent to conditions (6.5) and mean that the ellipsoid of inertia of
the body is almost a sphere. These relative equilibria differ essentially from the corresponding steady
motions (3.1), for which 6 # 0; they are always unstable in the secular sense (depending on the
relationships between the masses m,, m, and m;, in accordance with (6.5), the degree of instability of
the solutions (8.1) may equal 1, 2 or 3). ’

The solid curves in Fig. 10 indicate the domains of existence of the solutions (8.1); the digits 1-3
indicate their degrees of instability (depending on the positions of the bifurcation points).

9. Hence, the investigation of our model problem has revealed the following phenomenon, due to
the use of an exact expression for the potential of the gravitational forces

1. the existence of secular stability of the steady motions and relative equilibria of the body
corresponding to irivial orientations, in cases in which not only the major axis of the body’s ellipsoid
of inertia (i = 1,j = 3, k = 2) but also the median (i =2,j =3,k = 1) and minor (i = 3,j =2,k =1)
axes point along the radius vector of its mass centre (see also {1, 4, 5]);

2. the existence of non-trivial steady motions and relative equilibria for which at least two of the
principal central axes of inertia are no axes of the orbital system of coordinates (see also [4]);

3. the existence of steady motions of the body for which the plane of the orbit of the mass centre
does not pass through the attracting centre.

It should be noted that if the ellipsoid of inertia is almost a sphere (see (2.6)), the bifurcation values
of the radius of the orbit of the mass centre in the trivial steady motions are defined as follows:
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Consequently, in this case one has a/r < 1 in the neighbourhood of the bifurcation points, and the
phenomena listed above are maintained even if the dimensions of the body are much less than the
distance between its mass centre and the attracting centre. This corroborates our investigation of the
restricted formulation of the problem, in which the first two phenomena remain valid for the relative
equilibria of a body whose inertia ellipsoid is nearly a sphere (see (6.5)).

Note that when a/r < 1 one usually uses the satellite approximation of the gravitational potential;
under those circumstances, as we know [1], none of the above phenomena occurs. In particular, when
the satellite approximation is used only trivial steady orientations exist (usually 24 of them).

When the exact expression for the gravitational potential is used and the unrestricted formulation
of the problem is adopted, 72 steady orientations exist (at any rate, in our model problem): 24 trivial
orientations (1.5), 24 “plane” (8 = 0) non-trivial orientations (2.1), and 24 “three-dimensional” (8 #
0) non-trivial orientations (2.2). In addition, if the inertia ellipsoid is almost a sphere (see (2.6)), then
at least 32 additional steady motions “of general form” (3.1) exist (for arbitrary masses m,, m, and m;
that are sufficiently close together in value). These 104 steady orientations correspond to the 104 steady
orlentatlons described in [3] for the special case m; = m, = mg; in fact, they yield the latter if one lets
W+t 0. Fmally, if 2m, > my + mj, 32 more steady orientations “of general form™ exist, which
have no analogue in the special case m; = m, = m;.

Similar conclusions hold for the restricted formulation of the problem. The only difference is that
then all the relative equilibria are characterized by the condition 8 = 0; as already pointed out, for the
relative equilibria (5.3) and (6.1) corresponding to the “two-dimensional” (6 = 0) steady motions (1.5)
and (2.1), the reaction of the constraint 8 = 0 is zero, while for the relative equilibria (6.2) and (8.1),
corresponding to the “three-dimensional” 8 # 0 steady motions (2.2) and (3.1), the reaction does not
vanish (see the expressions for the undetermined multiplier A).

In addition, when r > a non-trivial steady motions and relative equilibria exist only for bodies whose
ellipsoid of inertia is nearly an ellipsoid of revolution (in particular, a sphere).

We also note that steady motions of the body for which the plane of the orbit of the mass centre
passes through the attracting centre exist (for m; # m, # m;) only when one of the principal central
axes of inertia is orthogonal to the orbital plane.
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